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November 1997, revised March 1998 abstract. A result of Zelevinsky states that an orbit closure in the space of representations of the equioriented quiver of type A h is in bijection with the opposite cell in a Schubert variety of a partial ag variety SL(n)=P. We prove that Zelevinsky's bijection is a scheme-theoretic isomorphism, which shows that the degeneracy schemes of Fulton and Buch are reduced and Cohen-Macaulay in arbitrary characteristic.
Among all algebraic varieties, the best understood are the ag varieties and their Schubert subvarieties. They rst appear as interesting examples, but acquire a general importance in the theory of characteristic classes of vector bundles. Fulton 8] and have recently given a theory of \universal degeneracy loci", characteristic classes associated to maps among vector bundles, in which the role of Schubert varieties is taken by certain degeneracy schemes. The underlying varieties of these schemes arise in the theory of quivers: they are the orbit-closures in the space of representations of the equioriented quiver A h . Many other classical varieties also appear as such quiver varieties, such as determinantal varieties and the variety of complexes (cf. x1.4). The same quiver varieties also arise in Deligne-Langlands theory for the p-adic general linear group 19] : the intersection homology of these varieties gives the p-adic analog of Kazhdan-Lusztig polynomials (which, by Zelevinsky's result below, become identical to ordinary Kazhdan-Lusztig polynomials).
It turns out that a separate theory is not necessary to understand these spaces (for this particular quiver). By a remarkable but little-known result of Zelevinsky 20 ], all the above quiver varieties can be identi ed set-theoretically with open subsets of Schubert varieties. In this paper, we prove a schemetheoretic strengthening of Zelevinksy's identi cation: the \naive" determinantal conditions de ning each quiver variety generate the same ideal as the Plucker equations de ning the corresponding Schubert variety. Since the latter ideal is well understood via Standard Monomial Theory, we conclude that the corresponding quiver schemes are reduced and their singularities are identical to those of Schubert varieties. In particular, the quiver varieties in arbitrary characteristic are normal, Cohen-Macaulay, etc. These properties give a more concrete interpretation to the intersection theory in Fulton and Buch's work.
Our results extend early work by Hochster-Eagon 10], Kempf 12] , and Deconcini-Strickland 7]. Musili-Seshadri 16], proved the above scheme-theoretic identi cation for the variety of complexes. Some of the consequences of our identi cation were known for more general quiver varieties by work of Abeasis, Del 
Direct sum of objects is de ned componentwise, and it is known by the Krull-Schmidt Theorem 4] that any object R 2 R can be written uniquely as a direct sum of indecomposable objects. By elementary linear algebra, these indecomposables are seen to be
for 1 i j h (corresponding to the positive roots of the root system A h ). Hence the arrays (r ij ) with the stated conditions classify the G n -orbits on Z.
We de ne the quiver variety as the algebraic set Z(r) = f(f 1 ; ; f h?1 ) 2 Z j 8i; j; rank(f j?1 f i : V i ! V j ) r ij g: It will follow from Zelevinsky's theorem (x1.3) that Z(r) is an irreducible variety and is the Zariski closure of Z (r) (provided the base eld k is in nite).
Schubert varieties
Given n = (n 1 ; ; n h ), for 1 i h let a i = n 1 + n 2 + + n i ; and n = n 1 + + n h : For V h have basis e 1 ; : : : ; e n compatible with the V i . Consider its general linear group GL(n), the subgroup B of upper-triangular matrices, and the parabolic subgroup P of block upper-triangular matrices P = f(a ij ) 2 GL(n) j a ij = 0 whenever j a k < i for some kg :
A partial ag of type (a 1 < a 2 < < a h = n) (or simply a ag) is a sequence of subspaces U. = (U 1 U 2 U h = k n ) with dim U i = a i . Let 
In 1 Theorem. (Zelevinsky 20 Proof. Arguing as in the proof of (ii) above, we nd that (Z (r)) Y ( r ).
But it is known that Y ( r ) is Zariski open and dense in Y ( r ).

Remarks. (i) The map is an algebraic isomorphism onto its image, since it is
clear from the coordinate de nition that is injective on points and on tangent vectors.
(ii) For each r, X ( r ) is an orbit of P. If we embed G n into P as block-diagonal matrices, then is a G n -equivariant map. Now, clearly (Z (r)) Y ( r ). Also the Z (r) are a complete list of G n -orbits on Z and the Y ( r ) are disjoint subsets of Y ( max ) = (Z). We conclude that (Z (r)) = Y ( r ). 
Examples
Plucker coordinates and determinantal ideals
In this section we prove the scheme-theoretic version of Zelevinsky's bijection.
From now on, we assume our eld k is in nite. De ne a partial order on Plucker coordinates by:
Coordinates on the opposite big cell
(1) 0 (1); (2) We prove this in the next section. 
Proof of the main theorem
